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Abstract 
A non-standard formulation is applied to find analytical solutions for elastic plates 
considering shear deformation using a computer-aided approach. Classical formulations of 
mechanics of elastic body solve each particular problem by obtaining standard differential 
equations. In contrast, the unified formulation used in this paper, which is described in 
Tassinari et al. [9], is based on a matrix framework inspired by the finite element method. 
For this reason, an implementation using mathematical software can be efficiently applied. 
The aim of this study is to use the proposed computer-aided method to solve analytically 
the problem and to compare the results with the finite element model predictions. 
In order to illustrate this approach, the case of the Reissner-Mindlin plate problem with 
simply support on two opposite edges is investigated (Reissner [6], Mindlin [7]).  In 
addition, the general validity of the method and its applicability to several problems of 
structural mechanics is discussed. The analytical solution for a particular load case is 
presented showing the differences between the Reissner-Mindlin solution and the 
predictions given by the Love-Kirchhoff model (Kirchhoff [4], Love [5]). Finally, the 
vertical displacement field obtained analytically for different thickness-to-side ratios is 
compared with finite element method predictions. The results obtained from the proposed 
analytical method and numerical models presented in this study are comparable. 
 
Keywords: analytical solution, unified formulation, shell, plate, Reissner-Mindlin, Love-
Kirchhoff, shear strain, finite element. 
1. Introduction 
Analytical solutions to problems of solids mechanics are useful to test the accuracy and the 
precision of the numerical approaches. Problems such as shear locking or boundary layer 
can be better understood with the help of analytical solutions. However, it is known that 
only simple cases can be solved by hand. Furthermore, some cases which are theoretically 
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solvable can also result in rather tedious analysis. Nowadays computer and mathematical 
software development allow to avoid this problem if they are associated with a suitable 
formulation. The problem of the Reissner-Mindlin plate is a typical example of this 
problem (Reissner [6], Mindlin [7]). The Reissner-Mindlin model takes into account the 
shear deformation and should be used for moderately thick plates whereas Love-Kirchhoff 
model is recommended for thin plates (Kirchhoff [4], Love [5]).  
The system of field equilibrium equations for the bending of the Reissner-Mindlin plate 
model is (Timoshenko and Woinowsky-Krieger [10]): 
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where the quantities ),( yx QQ are the transverse shear forces, ),( yyxx MM are the bending 
moments and yxM is the torsion moment; ),,( yyz mmq are the external loads reduced to the 
middle surface. The quantities ),,,,( xyyyxxyx MMMQQ are the generalized stresses. The 
constitutive laws of the generalized stresses resulting from the RM kinematical assumption  
can be expressed as: 
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 (2) 
where w denotes the transverse displacement of the midplane 0z  (Figure 1) 
and ),( yx  the rotation of the transverse normal to the midplane about the y  and 
x axes, respectively. The quantities ),,( yxw  are the generalized displacements. The 
constants D and G are defined as: 
 
3
2 ,12(1 ) 2(1 )
Eh ED G     (3) 
where h  denotes the thickness of the plate (Figure 1). 
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Figure 1: Geometry and reference system of a rectangular plate.  
2. Unified formulation of the solution 
In case of a rectangular plate with known boundary conditions on opposite two opposite 
edges and arbitrary boundary conditions on the remaining edges, the generalized 
displacement can be expressed as a series (Timoshenko and Woinowsky-Krieger [10], 
Szilard [8]). When hard simply supported edges ( 0 yw  ) are considered on the 0x  
and Lx  , the series become: 
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where N NLNN ,  and )(),(),( yyyw yNxNN  are unknown functions, which 
have to be determined so that the equilibrium is satisfied everywhere in the domain of the 
plate. The generalized displacements represented by Eq. (4) satisfy the boundary conditions 
on the edges Lx ,0 independently from the unknown functions of y . 
 
Figure 2: Plate with boundary given condition on two opposite edges. 
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Furthermore, suppose that the vertical load ( , )zq x y can be expressed in by the following 
series: 
 
1
( , ) sin ( )z N zN
N
q x y x q y

   (5) 
where: 
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Similar series can be used for the loads ( , )xm x y  and ( , )ym x y . 
By using the series forms (4) and (5), the equilibrium equations and the constitutive laws 
can be combined and rearranged to obtain the following system of first order linear 
ordinary differential equations (Tassinari et al. [9]): 
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  (8) 
By introducing the state and driving vectors defined, respectively, as: 
  ( ) , , , , , , ( ) 0,0,0, , ,T TN N xN yN yN yxN yyN N zN xN yNy w Q M M y q m m  E F  (9) 
the system above can be written in the matrix form: 
 ( ) ( ) ( ) ( )N N N N
d y y y y
dy
 E W E F  (10) 
where the matrix ( )N yW is the system matrix defined as:  
Proceedings of the International Association for Shell and Spatial Structures (IASS) Symposium 2009, Valencia 
Evolution and Trends in Design, Analysis and Construction of Shell and Spatial Structures 
 
 2763
 
2
2 2
10 0 1 0 0
20 0 0 0
(1 )
1( ) 0 0 0 0
0 0 0 0
(1 ) 0 0 0
0 0 0 1 0
N
N
N
N N
N N N
N
Gh
D
y
D
Gh Gh
Gh Gh D
 
 
 
    

                 
W  (11) 
The previous derivation suggests that each problem whose governing equation can be 
reduced to a first order ODEs system, can be represented by Eq. (10) written in term of the 
consistent state vector, driving vector and system matrix. 
The general solution of the homogeneous system NNN y EWE )( is (Arnold [2], Dennis 
[3]): 
 NNN yy kΦE )()(   (12) 
where )(yNΦ  is fundamental (solution) operator and Nk denote an arbitrary constant 
vector. A fundamental operator is a matrix whose columns are a set of linear independent 
solutions of the homogeneous system and thus it is not unique. 
Imposing the initial condition 0( 0)N Ny  E E , Eq. (10) leads to an initial value problem 
with the following solution: 
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NG is transition operator and is the unique fundamental operator that solves the IVP. 
In general, the matrix NW for shells depends on y since the thickness and the radii of 
curvature can be variable. On the other hand, in the case of a plate with constant thickness 
the elements of NW are constant and thus the ODE system has constant coefficients. In this 
particular case the system is denoted as autonomous and the solution of the IVP becomes: 
 dtttyyy N
y
NNN )()()()(
0
0 FGEGE    (14) 
In addition, the autonomous systems a fundamental operator NΦ can be constructed by a 
pure algebraic method. In this context, the spectral properties of the system matrix NW  are 
significant. More specifically, in the case of nondeficient eigenspace, the eigenvectors of 
matrix NW  are a set of linear independent solutions of the homogeneous system. If the 
system matrix has deficient eigenspace then the concept of eigenvector can be generalized 
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to obtain independent solutions. In this case, the exponential matrix formalism is also 
useful.  
However, the manual resolution of the ODE system of the RM model implies rather 
difficult calculus because the matrix NW has dimension 66 and deficient eigenspace. In 
fact, the characteristic polynomial is given by: 
 2 2 2 2 2det( ) ( )( 12 )N N N h        W I  (15) 
 
Consequently, the eigenvalues are the simple roots 2 212N h     and the double 
roots N   . 
The formulation of the governing equations and the solution presented in this work is 
derived to be consistent with the use of mathematical software that allows to find a 
fundamental operator in a short time. Hence, the solution is obtained by a computer-aided 
approach. 
Another important characteristic of the proposed solution based on the transition operator 
NG  is that it allows to find generalized displacements and stresses at the same time and 
using an initial condition consistent to the state vector. Classical biharmonic formulation 
based solutions, allow to find only the vertical displacement whereas other quantities have 
to be assessed by secondary equations. Solutions based on the fundamental operator NΦ  
do not permit to find directly the integration constants vector Nk from an initial condition 
given on the state vector. 
The explicit form of the transition operator NG  that defines the solution of the RM 
rectangular plate with two hard simply supported opposite edges is given in Tassinari et 
al.[9]. 
3. Analytical solution for vertical line load 
In the following a study of the analytical solution is done for a square Reissner-Mindlin 
plate ( Lb 2 ) with constant thickness (Figure 3). The Poisson’s ratio is taken as 2.0 . 
The edges 0x  and Lx   are hard simply supported whereas the edges 
by  and by  are free. A vertical line load zz qxq )(  is applied along the line 0y . 
According to Figure 3 the initial point is taken at by 0 . 
In order to present the results, the nondimensional forms of the components of the state 
vector are introduced according to Eqs (16): 
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Figure 3: Analyzed case Reissner-Mindlin rectangular plate.  
 
The nondimensional components are long mathematical expressions written in terms of 
hyperbolic functions and the eigenvalues of NW , as presented by Tassinari et al. [9]. In 
contrast to the Love-Kirchhoff model solution, the nondimensional components of the 
Reissner-Mindlin model depend also on the thickness of the plate. These can be expressed 
as a function of the thickness-to-side ratio bh 2/ .  
In this study, the LK solution is compared with the RM solution obtained by using four 
values of 51,101,201 . The state vector of the LK plate was obtained by the same 
approach using a system matrix consistent to the LK model.  Figure 4 presents the 
nondimensional components of the state vectors for 1N . It is important to note that these 
results can also be considered as the exact solution of the sinusoidal line 
load )(sin)( xqxq Nzz  . 
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Figure 4: Comparison between several nondimensional Reissner-Mindlin solutions and the 
Love-Kirchhoff solution for 1N  
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The weight of the higher order terms of the state vector is examined. Figure 5 shows a plot 
of the nondimensional vertical displacement )0(~ ywN  versus the parameter 
 for 3,2,1N . The constant values of the LK theory are also shown for comparison. The 
effect of the transverse shear deformation is clearly evident in each term if the thickness-to-
side ratios increase. 
0
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w˜
N
(y
=
0)
δ
N = 1
0 1/3
δ
N = 2
0 1/3
δ
N = 3
Reissner-Mindlin
Love-Kirchhoﬀ  
Figure 5: Mindlin rectangular plate. Reference system, boundary conditions and load case 
The actual vertical displacement ),( yxw  can be evaluated by using Eq. (4). From the 
previous discussion, for a sinusoidal line load )(sin)( xqxq Nzz   the vertical 
displacement is given by: 
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3
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z ywx
D
bqyxw   (17) 
whereas for a constant line load zz qxq )( the series should be developed: 
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z ywxL
LD
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3
)(~)(sin)cos1(2),(   (18) 
In order to compare the actual vertical displacement ),( yxw  with numerical results given 
by the finite element method, a study of the convergence of the series (18) is performed, see 
Figure 6. The nondimensional value of the truncated series in the central point of the plate 
)0,2/(  yLx is plotted versus the truncation parameter N varying from 1 to 20. The 
convergence can be considered satisfactory if at last ten terms are considered. 
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Figure 6: Study of the convergence of the series (18) 
Finally, Figure 7 presents the nondimensional vertical displacement field considering 10 
terms of the series for the considered values of  and the LK solution. 
0
0.02
0.04
0.06
0.08
0.1
0.12
Love-Kirchhoﬀ
0
0.02
0.04
0.06
0.08
0.1
0.12
δ = 1/20
0
0.02
0.04
0.06
0.08
0.1
0.12
δ = 1/10
0
0.02
0.04
0.06
0.08
0.1
0.12
0.14
δ = 1/5
0
1
x/L
-1
1
y/b
0
0.18
D
qzb3
w
0
1
x/L
-1
1
y/b
0
0.18
D
qzb3
w
0
1
x/L
-1
1
y/b
0
0.18
D
qzb3
w
0
1
x/L
-1
1
y/b
0
0.18
D
qzb3
w
 
Figure 7: Nondimensional vertical displacement evaluated by using series (17) considering 
ten terms 
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4. Comparison between analytical and finite element results 
A comparison between the vertical displacement in the central point of the plate predicted 
by the analytical solutions presented and a finite element model is shown in Figure 8. The 
finite element analysis was carried out using ANSYS® Academic Research product ( ANSYS 
Inc).  
Two types of elements were applied; namely SHELL63 and SHELL181 (see ANSYS 
release documentation [2770]). Both elements are 4-node shell elements with 6 degrees of 
freedom per node. SHELL181 is based on the first order shear deformation theory (RM 
model) as opposed to SHELL63 in which shear deformation is neglected (LK model). In 
addition, RM elements (SHELL181) allow to use either full or reduced integration. 
Figure 8 shows the ratio between the vertical displacement FEMw predicted by the FEM and 
exactw given by the analytical solution. The results are shown for three different mesh 
densities. As mentioned earlier, the results from the LK model (element SHELL63) are 
independent of the thickness, since the deflection is normalized. For the RM model 
(element SHELL181) three thickness-to-side ratios were investigated: 51,101,201 . 
According to Figure 8 the LK element is less sensitive to mesh refinement than the RM 
element. The LK analysis can provide reasonable results even for a 22  mesh while at 
least a 44  mesh is required in the RM model. All the finite element models investigated 
converge to the analytical solution for the 88  mesh. This applies to both full and reduced 
integration, which provide similar predictions. 
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Figure 8: Comparison between the analytical values of the vertical displacement in the 
center of the plate and the numerical predictions 
5. Conclusions 
The main advantage of the proposed methodology is that it can be applied to problems that 
are radically different by means the same matrix formalism. For this reason, mathematical 
software can be employed efficiently to solve cases seldom considered in the literature. The 
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application to the RM plate subjected to line load presented is a typical example. Owing to 
the mathematical complexity of the problems, analytical solution can be reached in a short 
time.  
The analytical solution carried out shows the effect of the shear deformation in plate with 
small slenderness. In particular, the magnitude of the effect is significant for the vertical 
displacement. In general, the other components of the state vector are not affected 
significantly in the domain of the plate but exhibits perturbations close to the edges. This 
edge effect in known as boundary layer and more investigation should be carried out 
considering higher-order terms. 
An important problem of the analytical solution in the form of a series is that it has to be 
evaluated numerically taking into account a reasonable number of terms. In the case 
analysed, the series for the vertical displacement converges if only ten terms are considered.    
Finally, the finite element analysis carried out shows that for a reasonable mesh refinement 
the numerical models used give excellent approximation of the analytical solution.  
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